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Abstract

For centuries, prime factorization has been a fundamental theoretical prob-
lem in the mathematical world. Conventionally, the algorithms for prime
number factorization demand a computational cost that grows exponentially
with the magnitude of number to be factorized. Existing algorithms will hit
a formidable barrier due to the finite computation resource practically avail-
able. In this research, we have attempted to introduce a new and effective
approach: an improvement of Fermat’s Factorization algorithm. Our method
mainly involves two variables k and s, s = ⌈

√
n ∗ k⌉, where k is a natural

number. This ensures that in most of the cases, we get a small value from
s2 mod n, which aids in finding factors as the distribution of perfect squares
are denser at smaller numbers. Results have shown that our approach is ca-
pable of prime factorizing numbers hundreds of times faster than the original
method, Fermat’s Factorization algorithm, while being almost on par with
Pollard’s Rho. For all of the numbers aside of certain semiprimes, our algo-
rithm can factorize it under < 0.01 second. Besides, our new method allows
us to implement parallel processing while searching for factors, greatly in-
creasing its efficiency. Therefore, this approach is a new gateway to creating
an efficient prime factorizing algorithm, hence bringing benefits to the math-
ematical field.
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1 Introduction

Prime numbers are numbers that cannot be decomposed into smaller prime con-
stituents, which also means that the only two divisors for prime numbers are 1 and
itself. Factoring a number into its prime factors, also known as prime factorizing
is a crucial part of number theory.

The earliest invention in this field are lookup tables published in individual
volumes, each with tables of primes factors for numbers within a certain range.
However, there is a limit to how many numbers they can publish as tables. There-
fore other techniques are required to solve this problem.

The early factorizing algorithms include Trial Division, Fermat’s Factoriza-
tion Algorithm and Euler’s Algorithm.

2



2 Fermat’s Factorization Algorithm (FF)

Based on The Fundamental Theorem of Arithmetic, every integer has a unique
prime decomposition. Therefore, every odd integer n can be written as pq, p > q,
where p and q is n and 1 when n is prime. FF was discovered in a letter addressed
to Mersenne by Pierre de Fermat in 1643. FF is based on the fact that every odd
integer can be represented as a difference of two squares, n = x2 − y2. Since n is
odd, p, q is also odd.

Lenma 2.1. Let p = x+ y and q = x− y.

p+ q = 2x

p− q = 2y

x =
p+ q

2
, y =

p− q

2

x, y ∈ N, since the sum and difference of two odd numbers p, q are even.

Proof.

n = x2 − y2

=

((p+ q

2

)2

−
(p− q

2

)2
)

=
1

4

(
(p+ q)2 − (p− q)2

)
=

1

4
(4pq)

= pq

FF starts the search of factors from x = ⌊
√
n⌋ + 1, and increments x by 1

every iteration. This is based on the fact that x2 > n =⇒ x >
√
n.

One of the fastest improvement of FF is Fermat’s Sieving with Odd and Even
(FOE). This improvement utilizes the property of x being odd and y being even
when n = 4k + 1 and vice versa when n = 4k − 1. This improvement increases
the speed of FF to about twice of its original as the value of x now increases by 2
every iteration instead of 1.
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3 Theoretical Framework

Let x, y ∈ N, x, y < n. Instead of using the original concept of FF, where x2 −
y2 = n, a congruence is squares, where x2 ≡ y2 mod n is used. By finding a
congruence of squares where x + y ̸= n, factors of n can still be determined by
using the concept of FF.

Proof. If x+ y = n, (x− y) does not have factor of n if gcd(z, n) = 1.

x2 ≡ y2 (mod n)

x2 − y2 = nz, z ∈ N
(x+ y)(x− y) = nz

(n)(x− y) = nz

x− y = z

∴ gcd(x− y, n) = 1.

Proof. If x+ y ̸= n, gcd(x+ y, n) and gcd(x− y, n) = factor of n.

(x+ y)(x− y) = pqz

Based on The Fundamental Theorem of Arithmetic, the factors of n must exist
in (x+ y)(x− y), so if p|(x± y), then q|(x∓ y).

Instead of using incrementation of x by 1, the search for x is changed to using
⌈
√
n · k⌉, where k ∈ N. This method is based on the fact that the amount of

perfect squares are denser in smaller values. With this method, the possible y
can be generated in a more efficient way. Let xi = ⌈

√
n · k⌉, y2i ≡ x2

i mod n,
y2i ≤ 2xi.

Lenma 3.1. For every x, (x)2 − (x− 1)2 = x2 + 2x− 1− x2 = 2x− 1.

Proof. (⌈
√
n · k⌉)2 finds the first perfect square larger than n·k, while (⌊

√
n · k⌋)2

finds the first perfect square smaller than n · k. Therefore, the largest value for
(xi − 1)2 mod n = n− 1.

x2
i − (xi − 1)2 = 2xi − 1

x2
i = n− 1 + 2xi − 1

x2
i = 2xi − 2 (mod n)

y2i = 2xi − 2

∴ If (xi − 1)2 mod n ≤ n− 1, then y2i ≤ 2xi − 2.
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Since x + y = n, y = n − x. Therefore, if x, y < 1
2n, x + y < n, k is set to a

maximum value of less than ⌈ 1
4n⌉.

Proof. If k < ⌈ 1
4n⌉, x < ⌈ 1

2n⌉, for k, x ∈ N.

x =

⌈√
n · 1

4
n

⌉

x =

⌈√
n2

22

⌉

x =
⌈1
2
n
⌉

∴ If k < ⌈ 1
4n⌉, then x+ y < n.
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4 Methodology

Algorithm 1 k2 − x2

Require: n ∈ N, n ≥ 2
1: k := 1, x := 1
2: for k := 1, k ≤

⌈
n
4

⌉
do

3: for x := 1, k ≤ 1000 and x < k do
4: ki := k2 − x2

5: s :=
⌈√

n ∗ ki
⌉

6: sgcd := gcd (s, n)
7: if n > sgcd > 1 then
8: print sgcd
9: s′b := s2 mod n

10: s′a :=
√
s′b

11: if s′a ∈ N then
12: print gcd (|(s− s′a)| , n)
13: print gcd ((s+ s′a), n)

14: x+ 1

15: k + 1
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Algorithm 2 k + 2

Require: n ∈ N, n ≥ 2
1: k := 1
2: for k := 1, k ≤

⌈
n
4

⌉
do

3: s :=
⌈√

n ∗ k
⌉

4: sgcd := gcd (s, n)
5: if n > sgcd > 1 then
6: print sgcd
7: s′b := s2 mod n
8: s′a :=

√
s′b

9: if s′a ∈ N then
10: print gcd (|(s− s′a)| , n)
11: print gcd ((s+ s′a), n)

12: k + 2

Algorithm 3 k + 8

Require: n ∈ N, n ≥ 2
1: k := 1
2: for k := 8, k ≤

⌈
n
4

⌉
do

3: s :=
⌈√

n ∗ k
⌉

4: sgcd := gcd (s, n)
5: if n > sgcd > 1 then
6: print sgcd
7: s′b := s2 mod n
8: s′a :=

√
s′b

9: if s′a ∈ N then
10: print gcd (|(s− s′a)| , n)
11: print gcd ((s+ s′a), n)

12: k + 8
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Algorithm 4 k + ki

Require: n ∈ N, n ≥ 2
1: t := 1000, ti := 100, ki := 0
2: for k := 1000, k ≤

⌈
n
4

⌉
do

3: if k ≥ t then
4: ti + 1000, t+ ti
5: ki + 10

6: s :=
⌈√

n ∗ k
⌉

7: sgcd := gcd (s, n)
8: if n > sgcd > 1 then
9: print sgcd

10: s′b := s2 mod n
11: s′a :=

√
s′b

12: if s′a ∈ N then
13: print gcd (|(s− s′a)| , n)
14: print gcd ((s+ s′a), n)

15: k + ki

5 Future works

For future works, we propose:

• Proving the occurance of a pattern in valid k values

• Proving the reason in which the first k value is always an odd or a multiple
of 8

6 Conclusion

In this research, we’ve introduced a new variant of prime factorization algo-
rithm that outperforms Fermat’s Factorization algorithm and it’s improvements
for numbers smaller than 1032. Through quantitative analysis, we believe that
there are more promising patterns waiting to be discovered, and potentially proven.
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